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ON WOVENNESS OF K-FUSION FRAMES
ANIMESH BHANDARI † AND SAIKAT MUKHERJEE †∗
Abstract. In frame theory literature, there are several generalizations
of frame, K-fusion frame presents a flavour of one such generalization,
basically it is an intertwined replica of K-frame and fusion frame. K-
fusion frames come naturally (having significant applications) when one
needs to reconstruct functions (signals) from a large data in the range
of a bounded linear operator. Getting inspiration from the concept
of weaving frames in Hilbert space, we study the weaving form of K-
fusion frames which have significant applications in wireless sensor net-
works. This article produces various characterizations of weaving K-
fusion frames in different spaces. Furthermore, Paley-Wiener type per-
turbation and conditions on erasure of frame components have been
assembled to scrutinize woven-ness of the same.
Keywords: frame, K-fusion frame, weaving.
1. Introduction
The notion of Hilbert frames was first introduced by Duffin and Schaeffer
[8] in 1952. After several decades, in 1986, frame theory has been popularized
by the groundbreaking work by Daubechies, Grossman and Meyer [6] by
showing its practical significance in distributed signal processing. Since then
frame theory has been widely applicable by mathematicians and engineers
in various fields.
Furthermore, frame theory literature became familiarized through several
generalizations, one such generalization is K-fusion frame, K-fusion frame
was first studied by Liu et al. [13]. After that Neyshaburi et al. [14] and
Bhandari at al. [2] produced several characterizations of K-fusion frame.
Throughout the paperH is a separable Hilbert space, L(H1,H2) the space
of all bounded linear operators from H1 into H2, L(H) for L(H,H), PA is
the orthogonal projection on A, I is countable index set, R(T ) is denoted as
range of a bounded linear operator T and T † is the Moore-Penrose pseudo
inverse of T .
Definition 1.1. (K-Fusion Frame) Let K ∈ L(H) for which a weighted
collection Ww = {(Wi, wi)}i∈I of closed subspaces in H is said to be a K-
fusion frame for H if there exist constants 0 < A,B < ∞ so that for every
2010 Mathematics Subject Classification. Primary 42C15; Secondary 47A30.
* Corresponding author; Supported by DST-SERB project MTR/2017/000797.
1
2 A. BHANDARI AND S. MUKHERJEE
f ∈ H we have,
(1) A‖K∗f‖2 ≤
∑
i∈I
w2i ‖PWif‖
2 ≤ B‖f‖2.
1.1. Woven and K-Woven Frame. In general in a sensor networking
system, a frame can be characterized by signals. If there are two frames,
having same characteristics, then in absence of a frame element from the
first frame, still we are able to get an error free result on account of the
replacement of the frame element of first frame by the frame element of
second frame.
In this context basically one can think of the intertwinedness between two
sets of sensors, or in general between two frames, which leads to the idea
of weaving frames. Weaving frames or woven frames were introduced by
Bemrose et al. in [1]. Later the concept of woven-ness has been characterized
by Bhandari et al. in [3] and characterization of weaving K-frames has been
produced by Deepshikha et al. in [7].
Definition 1.2. [3] In H, two frames {fi}i∈I and {gi}i∈I are said to be
woven if for every σ ⊂ I, {fi}i∈σ ∪ {gi}i∈σc also forms a frame for H and
the associated frame operator for every weaving is defined as,
SFGf =
∑
i∈σ
〈f, fi〉fi +
∑
i∈σc
〈f, gi〉gi, for all f ∈ H.
Definition 1.3. [7] A family of K-frames {{φij}
∞
j=1 : i ∈ [m]} for H is said
to be K-woven if there exist universal positive constants A,B such that for
any partition {σi}i∈[m] of I, the family
⋃
i∈[m]{φij}j∈{σi} is a K-frame for
H with lower and upper K-frame bounds A and B, respectively. Each family⋃
i∈[m]{φij}j∈σi is called a K-weaving.
Definition 1.4. [10] Let K ∈ L(H) and consider two K-fusion frames
{(Wi, wi)}i∈I , {(Vi, vi)}i∈I . Then they are said to be woven if there are
universal constants A,B so that for every σ ⊂ I and for every f ∈ H we
have,
(2) A‖K∗f‖2 ≤
∑
i∈σ
w2i ‖PWif‖
2 +
∑
i∈σc
v2i ‖PVif‖
2 ≤ B‖f‖2.
The following result presents the woven-ness of K-fusion Bessel sequences.
Proposition 1.5. [10] Let K ∈ L(H) for which Ww = {(Wi, wi)}i∈I and
Vv = {(Vi, vi)}i∈I be K- fusion Bessel sequences in H with bounds B1, B2
respectively. Then for every σ ⊂ I, the associated weaving between them also
forms a K- fusion Bessel sequence in H with the universal bound B1 +B2.
The following Lemma provides a discussion regarding Moore-Penrose pseudo-
inverse. For detail discussion regarding the same we refer [5, 11].
Lemma 1.6. Let H and K be two Hilbert spaces and T ∈ L(H,K) be a
closed range operator, then the followings hold:
ON WOVENNESS OF K-FUSION FRAMES 3
(1) TT † = PR(T ), T
†T = PR(T ∗)
(2) ‖f‖
‖T †‖
≤ ‖T ∗f‖ for all f ∈ T (H).
(3) TT †T = T , T †TT † = T †, (TT †)∗ = TT †, (T †T )∗ = T †T .
Lemma 1.7. ([9, 12]) Suppose H and K are two Hilbert spaces and T ∈
L(H,K). Consider W be a closed subspace of H and V be a closed subspace
of K. Then the following results are satisfied:
(1) PWT
∗PTW = PWT
∗.
(2) PWT
∗PV = PWT
∗ if and only if TW ⊂ V.
Applying the foregoing Lemma we fabricate an analogous result.
Lemma 1.8. Let H1, H2 be two Hilbert spaces and T ∈ L(H1,H2) be one-
one, closed range operator. Suppose W is a closed subspace of H1 and T (W)
is a closed subspace of H2. Then the following holds:
PT (W)T
†∗PT †T (W) = PT (W)T
†∗PW = PT (W)T
†∗.
2. Main Results
We begin this section by providing two intertwining results on K-fusion
frames between two separable Hilbert spaces.
Lemma 2.1. Let K ∈ L(H1) for which Ww = {(Wi, wi)}i∈I be a K- fu-
sion frame for H1. Suppose T ∈ L(H1,H2) is a closed range operator with
T †T (Wi) ⊂ Wi, for all i ∈ I and
∑
i∈I
w2i < ∞. Then {(TWi, wi)}i∈I forms
a TKT ∗- fusion frame for H2.
Proof. First we prove for all i ∈ I, T (Wi) is a closed subspace in H2. Since
T †T (Wi) ⊂ Wi, then TT
†T (Wi) ⊂ T (Wi). But applying Lemma 2.5.2 of
[5] we have T †
∣∣
R(T )
= T ∗(TT ∗)−1 and hence T (Wi) ⊂ T (Wi). Therefore,
for every i ∈ I, T (Wi) is a closed subspace in H2. Since {(Wi, wi)}i∈I is a
K-fusion frame for H1, there exist A,B > 0 so that for every f ∈ H1 we
have,
(3) A‖K∗f‖2 ≤
∑
i∈I
w2i ‖PWif‖
2 ≤ B‖f‖2.
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Again applying Lemma 1.7 and using equation (3), for every f ∈ H2 we
obtain,
A
‖T‖2
‖(TKT ∗)∗f‖2 ≤ A‖K∗(T ∗f)‖2 ≤
∑
i∈I
w2i ‖PWiT
∗f‖2
=
∑
i∈I
w2i ‖PWiT
∗PTWif‖
2
=
∑
i∈I
w2i ‖PWiT
∗PTWif‖
2
≤ ‖T‖2
∑
i∈I
w2i ‖PTWif‖
2
and hence
∑
i∈I
w2i ‖PTWif‖
2 ≥ A‖T‖4 ‖(TKT
∗)∗f‖2. Furthermore, since
∑
i∈I
w2i <
∞, for every f ∈ H2 we get,
∑
i∈I
w2i ‖PTWif‖
2 ≤ (
∑
i∈I
w2i )‖f‖
2. 
Lemma 2.2. Let {(Wi, wi)}i∈I be a weighted collection of closed subspaces
in H1 and T ∈ L(H1,H2) be one-one, closed range operator so that for
some K ∈ L(H2), {(TWi, wi)}i∈I be a K-fusion frame for R(T ). Then
{(Wi,
wi
‖T‖)}i∈I forms a T
†KT -fusion frame for H1.
Proof. Since {(TWi, wi)}i∈I is aK-fusion frame for R(T ), there exist A,B >
0 so that for every h
(1)
2 ∈ R(T ) we have,
(4) A‖K∗h
(1)
2 ‖
2 ≤
∑
i∈I
w2i ‖PTWih
(1)
2 ‖
2 ≤ B‖h
(1)
2 ‖
2.
Now since T is one-one and R(T ) is closed, for every h1 ∈ H1 there exists
h2 ∈ H2 so that h1 = T
∗h2 and for every h2 ∈ H2 we have h2 = h
(1)
2 + h
(2)
2 ,
where h
(1)
2 ∈ R(T ) and h
(2)
2 ∈ R(T )
⊥.
Therefore, h
(1)
2 = T
∗†(h1 − T
∗h
(2)
2 ) = T
∗†h1. Hence applying Lemma 1.8
we get,
∑
i∈I
w2i ‖PTWih
(1)
2 ‖
2 =
∑
i∈I
w2i ‖PTWiT
†∗h1‖
2 =
∑
i∈I
w2i ‖PTWiT
†∗PWih1‖
2
≤ ‖T †‖2
∑
i∈I
w2i ‖PWih1‖
2.
Consequently, using equation (4) for every h1 ∈ H1 we obtain,
∑
i∈I
(
wi
‖T‖
)2
‖PWih1‖
2 ≥
A
‖T‖2‖T †‖2
‖(T †K)∗h1‖
2
≥
A
‖T‖4‖T †‖2
‖(T †KT )∗h1‖
2.
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Furthermore, applying Lemma 1.7 and using equation (4) for every h1 ∈ H1
we get,
∑
i∈I
(
wi
‖T‖
)2
‖PWih1‖
2 =
∑
i∈I
(
wi
‖T‖
)2
‖PWiT
∗h2‖
2
=
∑
i∈I
(
wi
‖T‖
)2
‖PWiT
∗PTWih2‖
2
≤
∑
i∈I
w2i ‖PTWih2‖
2
=
∑
i∈I
w2i ‖PTWi(h
(1)
2 + h
(2)
2 )‖
2
=
∑
i∈I
w2i ‖PTWih
(1)
2 ‖
2
≤ B‖h
(1)
2 ‖
2
≤ B‖T †‖2‖h1‖
2.
Hence our assertion is tenable. 
As a consequence of Lemma 2.1 and 2.2, the following two propositions
show that K-woven-ness is preserved under bounded linear operators.
Proposition 2.3. Let K ∈ L(H1) for which Ww = {(Wi, wi)}i∈I and Vv =
{(Vi, vi)}i∈I be K-fusion frames for H1. Further let us consider a closed
range operator T ∈ L(H1,H2) with T
†T (Wi) ⊂ Wi and T
†T (Vi) ⊂ Vi, for
all i ∈ I for all i ∈ I. Suppose Ww and Vv are weaving K-fusion frames
for H1, then {(TWi, wi)}i∈I and {(TVi, vi)}i∈I are weaving TKT
∗-fusion
frames for H2.
Proof. Applying Lemma 2.1, our assertion is tenable. 
Proposition 2.4. Let {(Wi, wi)}i∈I and {(Vi, vi)}i∈I be two weighted col-
lections of closed subspaces in H1. Suppose T ∈ L(H1,H2) to be one-
one, closed range operator so that for some K ∈ L(H2), {(TWi, wi)}i∈I
and {(TVi, vi)}i∈I are weaving K-fusion frames for R(T ) with the universal
bounds A,B. Then {(Wi,
wi
‖T‖ )}i∈I and {(Vi,
vi
‖T‖ )}i∈I are weaving T
†KT -
fusion frames for H1 with the universal bounds
A
‖T‖4‖T‖2
, B‖T †‖2.
Proof. The proof will be followed from Lemma 1.6 and Lemma 2.2. 
In the following result we discuss images of weaving fusion frames under
bounded, linear operator preserve their woven-ness with respect to the said
operator.
Proposition 2.5. Let {(Wi, wi)}i∈I and {(Vi, vi)}i∈I be weaving fusion
frames for H. Then for every K ∈ L(H), {(KWi, wi)}i∈I and {(KVi, vi)}i∈I
are weaving K-fusion frames for H.
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Proof. Let {(Wi, wi)}i∈I and {(Vi, vi)}i∈I be weaving fusion frames for H
with the universal bounds A,B. Then for every σ ⊂ I and f ∈ H we have,
(5) A‖f‖2 ≤
∑
i∈σ
w2i ‖PWif‖
2 +
∑
i∈σc
v2i ‖PVif‖
2 ≤ B‖f‖2.
Therefore, using equation (5) and applying Lemma 1.7, for every K ∈ L(H),
σ ⊂ I and f ∈ H we obtain,∑
i∈σ
w2i ‖PKWif‖
2 +
∑
i∈σc
v2i ‖PKVif‖
2 ≥
A
‖K‖2
‖K∗f‖2.
The universal upper bound of the respective weaving will achieved by Propo-
sition 1.5. 
Next result provides a characterization of weaving fusion frames by means
of weaving K-fusion frames and conversely.
Proposition 2.6. Let K ∈ L(H) and consider two weighted collectionsWw,
Vv of closed subspaces of H. Then
(i) Ww and Vv are weaving K-fusion frames for H whenever they form
weaving fusion frames for H.
(ii) if R(K) is closed, then Ww and Vv form weaving fusion frames for
R(K) whenever they are weaving K-fusion frames for R(K).
Proof. (i) Let Ww and Vv be weaving fusion frames for H with the
universal bounds A,B. Then for every σ ⊂ I and f ∈ H we get,
A
‖K‖2
‖K∗f‖2 ≤ A‖f‖2 ≤
∑
i∈σ
w2i ‖PWif‖
2 +
∑
i∈σc
v2i ‖PVif‖
2 ≤ B‖f‖2.
(ii) SupposeWw and Vv are weaving K-fusion frames for R(K) with the
universal bounds C,D. Then for every σ ⊂ I and f ∈ H we have,
(6) C‖K∗f‖2 ≤
∑
i∈σ
w2i ‖PWif‖
2 +
∑
i∈σc
v2i ‖PVif‖
2 ≤ D‖f‖2.
Again using closed range property for every f ∈ R(K) we have,
‖K∗f‖2 ≥ 1
‖K†‖2
‖f‖2. Therefore, using equation (6) we obtain,
C
‖K†‖2
‖f‖2 ≤
∑
i∈σ
w2i ‖PWif‖
2 +
∑
i∈σc
v2i ‖PVif‖
2 ≤ D‖f‖2.

In the following results we discuss stability of woven-ness of K-fusion
frames under perturbation and erasures. Analogous erasure result for frame
can be observed in [4].
Theorem 2.7. Let T,K ∈ L(H) with K has closed range and suppose for
every f ∈ H we have, ‖(T ∗ − K∗)f‖ ≤ α1‖T
∗f‖ + α2‖K
∗f‖ + α3‖f‖, for
some α1, α2, α3 ∈ (0, 1). Then {(Wi, wi)}i∈I and {(Vi, vi)}i∈I are weaving
T -fusion frames if they are weaving K-fusion frames for R(K).
ON WOVENNESS OF K-FUSION FRAMES 7
Proof. Let {(Wi, wi)}i∈I and {(Vi, vi)}i∈I be weaving K-fusion frames with
the universal bounds A,B. Then for every σ ⊂ I and every f ∈ R(K) we
have,
A‖K∗f‖2 ≤
∑
i∈σ
w2i ‖PWif‖
2 +
∑
i∈σc
v2i ‖PVif‖
2 ≤ B‖f‖2.(7)
Again for every f ∈ H we have, ‖K∗f‖ ≥ ‖T ∗f‖ − ‖(T ∗ − K∗)f‖ and
hence applying closed range property of K (see Lemma 1.6) and employing
given perturbation condition for every f ∈ R(K) we obtain,
(1− α1)‖T
∗f‖ ≤ (1 + α2 + α3‖K
†‖)‖K∗f‖.
Therefore, using equation (7), for every f ∈ R(K) and every σ ⊂ I we
obtain,
A
(
1− α1
1 + α2 + α3‖K†‖
)2
‖T ∗f‖2 ≤
∑
i∈σ
w2i ‖PWif‖
2 +
∑
i∈σc
v2i ‖PVif‖
2 ≤ B‖f‖2.

Corollary 2.8. Let T,K ∈ L(H) and suppose α1, α2 ∈ (0, 1) so that
for every f ∈ H we have, ‖T ∗f − K∗f‖ ≤ α1‖T
∗f‖ + α2‖K
∗f‖. Then
{(Wi, wi)}i∈I and {(Vi, vi)}i∈I are T -woven if and only if they are K-woven.
Theorem 2.9. Let K ∈ L(H1) for which {(Wi, wi)}i∈I and {(Vi, vi)}i∈I be
weaving K-fusion frames for H1 with universal lower bound A and suppose
T ∈ L(H1,H2) with T
†T (Wi) ⊂ Wi and T
†T (Vi) ⊂ Vi for all i ∈ I . Let us
assume J ⊂ I and 0 < C < A
‖T‖2
so that for every f ∈ H2∑
i∈J
w2i ‖PTWi‖
2 ≤ C‖TK∗T ∗f‖2.(8)
Then {(TWi, wi)}i∈I\J and {(TVi, vi)}i∈I\J form weaving TKT
∗-fusion
frames for H2 .
Proof. Since {(Wi, wi)}i∈I and {(Vi, vi)}i∈I are weaving K-fusion frames for
H1, then by Lemma 2.1 and Proposition 2.3, {(TWi, wi)}i∈I and {(TVi, vi)}i∈I
form weaving TKT ∗-fusion frames for H2 with universal lower bound
A
‖T‖2
in H2. Therefore, applying equation (8), for every σ ⊂ I \ J and for every
f ∈ H2 we obtain,∑
i∈σ
w2i ‖PTWi‖
2 +
∑
i∈σc
v2i ‖PTVi‖
2 =
∑
i∈σ∪J
w2i ‖PTWi‖
2 +
∑
i∈σc
v2i ‖PTVi‖
2 −
∑
i∈J
w2i ‖PTWi‖
2
≥
A
‖T‖2
‖(TKT ∗)∗f‖2 − C‖(TKT ∗)∗f‖2
=
(
A
‖T‖2
−C
)
‖(TKT ∗)∗f‖2,
where σc is the complement of σ in I \ J .
The universal upper bound will be followed by Proposition 1.5. 
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By choosing H1 = H2 and T = I, we obtain the following result.
Corollary 2.10. Let {(Wi, wi)}i∈I and {(Vi, vi)}i∈I be weaving K-fusion
frames for H with the universal bounds A, B. Let us consider J ⊂ I and
0 < C < A so that for every f ∈ H,∑
i∈J
w2i ‖PWi‖
2 ≤ C‖K∗f‖2,
then {(Wi, wi)}i∈I\J and {(Vi, vi)}i∈I\J are weaving K-fusion frames H
with the universal bounds (A− C), B.
Using Proposition 2.4, we get the following result analogous to Theorem
2.9.
Theorem 2.11. Let {(Wi, wi)}i∈I and {(Vi, vi)}i∈I be two weighted collec-
tions of closed subspaces in H1 and K ∈ L(H2). Suppose T ∈ L(H1,H2)
is one-one, closed range operator so that {(TWi, wi)}i∈I and {(TVi, vi)}i∈I
are weaving K-fusion frames for R(T ) with the universal lower bound A.
Further suppose J ⊂ I and 0 < C < A
‖T‖4‖T †‖2
so that for every f ∈ H1
∑
i∈J
(
wi
‖T‖
)2
‖PWif‖
2 ≤ C‖(T †KT )∗f‖2.(9)
Then, {(Wi,
wi
‖T‖ )}i∈I\J and {(Vi,
vi
‖T‖)}i∈I\J are weaving T
†KT -fusion frames
for H1.
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